We study the stationary photon output and statistics of small lasers. Our closed-form expressions clarify the contribution of collective effects due to the interaction between quantum emitters. We generalize laser rate equations and explain photon trapping: a decrease of the photon number output below the lasing threshold, derive an expression for the stationary cavity mode autocorrelation function g2, which implies that collective effects may strongly influence the photon statistics. We identify conditions for coherent, thermal and superthermal radiation, the latter being a unique fingerprint for collective emission in lasers. These generic analytical results agree with recent experiments, complement numerical results, and provide insight into and design rules for nanolasers.
It is often supposed that CE in lasers are due to highorder correlations and they are taken into account in various sophisticated numerical approaches [2, 8] . Indeed, CE in nanolasers are more complex and still less understood than SR in free space. Analytical methods that provide further insight were developed mostly for lowquality cavities [7] favorable for SR: the low-Q cavity provides a common radiative relaxation of emitters [8] similar to SR in free space.
In this Letter we present an analytical approach applicable not only to low-Q cavity lasers, which gives new insight into CE in nanolasers, especially into their "photon trapping" [2, 3] and measured unusual photon statistics [3, 4] . We show explicit dependencies of these effects on the laser parameters.
Basic equations.-We keep the analysis as simple as possible and consider a model of a single-mode laser with N 0 two-level emitters, shown in Fig. 1(a) , with transition frequencies equal to the lasing mode frequency [2, 8, 9] . Following [11] , from the Hamiltonian (S1) in the Supplemental Material SM1, we write the Maxwell-Bloch equations for the operatorsâ of the cavity mode, the population inversion∆, and the polarizationv = 
Here Ω 0 is the vacuum Rabi frequency and 2κ is the decay rate of the cavity mode; the factor f > 0 measures the average of squared couplings between emitters and the cavity mode; γ ⊥ and γ are polarization and population relaxation rates; γ P is the pump rate [12] ; theF α are the Langevin forces associated with the operatorsα = {â,v,∆}. Below we denote expectation values ofα as α. Before discussing CE based on Eqs.
(1), we recall that the usual semi-classical Maxwell-Bloch equations [13] are derived by replacing all operators by c-number variables and by neglecting the Langevin forces. Then the stationary population inversion ∆ = ∆ th = γ ⊥ κ/(2Ω 2 0 f ) is the threshold one, and the cavity mode photon number n ≡ |a| 2 = (2g) −1 (N 0 /∆ th + 1)(P/P th − 1), where
is the saturation photon number. Lasing requires a minimum number of emitters N 0 > ∆ th and a minimal pump P > P th = (N 0 + ∆ th )/(N 0 − ∆ th ), giving a finite stationary cavity photon number n > 0.
As the next standard approximation, the semiclassical laser rate equations for n and ∆ [13] can be obtained from Eqs. (1) by adiabatic elimination of the polarization v, which is valid at γ ⊥ ≫ κ, γ . Semiclassical MaxwellBloch or rate equations incorrectly predict n = 0 at P < P th since they do not take spontaneous emission into the lasing mode into account. Laser rate equations (LRE) with spontaneous emission into the lasing mode are derived in [14] .
Laser equations with collective effects.-Here we propose generalized laser rate equations (GLRE) that are valid for all values of γ ⊥ since the polarization will not be integrated out, and include spontaneous emission into the lasing mode. We take Eqs. (1) as our starting point, neglect population fluctuations and replace∆ by its expectation value ∆, a common approximation for weak coupling [15] . Thus Eqs. (1) become linear inâ andv, and as a main result we derive the closed set of four equations (see SM2)
Here we introduce the collective emitter-field correlation
iv j , and use the operator identityv +v = f (N e +D), whereN e is the operator for the population of upper lasing levels. Our GLRE (2) reduces to the standard LRE [Eq. (S7) of SM2] at large dephasing [14, [17] [18] [19] 2κ/γ ⊥ ≪ 1. Below we show that collective effects are negligible in this limit.
Stationary lasing with collective effects.-The stationary solution of Eqs. (2) is obtained by putting the derivatives to zero, we do this in two stages: first we use the stationary Eqs. (2b) and (2c) to express Σ and D in terms of n and ∆, this gives D(n, ∆) = (n∆ + N e )C(∆), with
We identify C(∆) as a dimensionless measure for the importance of CE (analogous to the cooperativity factor in [2] ), which we now see to be small in the LRE limit. In the second stage, we insert the stationary Σ(n, ∆) and D(n, ∆) into the stationary Eqs. (2a), (2d), and obtain
where G ∆ ≡ g c [1+C(∆)] with reduced coupling constant g c ≡ g/(1 + 2κ/γ ⊥ ). By comparison of the right-hand sides of Eqs. (4) and of the LRE, it can be seen that stationary solutions of our GLRE model are obtained from the latter by the substitution g → G ∆ . By this variation of constants in a nonlinear model one can indeed expect qualitatively new behavior. The stationary photon output of Eqs. (4) and hence of the GLRE of Eqs. (2) is
At 2κ/γ ⊥ → 0, Eq. (5) indeed converges to the known stationary solution of the LRE. In Fig. 1(b) we show the photon output n(P ) based on Eq. (5) for 2κ/γ ⊥ = 2.5, for which the LRE limit is not valid. Nevertheless, for comparison we also show the corresponding LRE curve. The most distinct difference is a suppression in our generalized model of the photon output below threshold. (We return to this "photon trapping" shortly.) Above threshold, however, the LRE limit agrees surprisingly well with our GLRE predictions. This follows from the fact that above threshold ∆ is clamped to ∆ th and hence C(∆) to 2κ/γ ⊥ as shown by the horizontal dotted line on the bottom panel of Fig. 1(b) , so that G ∆ tends to g independent of the value of γ ⊥ . Thus our GLRE gives the simple but important prediction that for arbitrary values of 2κ/γ ⊥ , the stationary photon number above the lasing threshold is given by the standard LRE limit. And yet CE play a role above threshold in the GLRE model, since C(∆) is clamped at a nonzero value, except in the LRE limit 2κ/γ ⊥ → 0.
To further analyze the role of CE, in Fig. 1(b) we also present the photon output in the absence of CE, based on the stationary solutions (5) with C(∆) = 0. Compared to this curve, the most conspicuous collective effect of our full GLRE model are a suppression of the radiation at ∆ < 0 and an enhancement at ∆ > 0. This photon trapping below threshold has been observed in numerical studies before [2, 3] , but never in a simple analytical model. We can correlate the 'trapping' to C(∆) being negative below threshold and the enhancement to C(∆) > 0 above, see the bottom of Fig. 1(b) . threshold P th , we compare the stationary photon output as we vary the influence of CE by tuning 2κ/γ ⊥ . Most discernible in Fig. 2 (a) is again the photon trapping: for increasing 2κ/γ ⊥ , the inter-emitter correlation D increases and fewer photons are emitted below threshold. A corresponding collective lasing enhancement above threshold is absent, since all curves tend to the same LRE limit, as explained above. The combined effect is that the lasing transition becomes sharper as 2κ/γ ⊥ is increased. In conventional theory, a sharper transition is related to a decreasing beta factor β = g/(1 + g) [14] . Analogous to Ref. [14] , for our model we identify in SM3 the beta-factor β c ≡ g/(1 + g + 2κ/γ ⊥ ) that obviously decreases with 2κ/γ ⊥ , in correspondence with the threshold sharpening as CE become more significant. Collective effects in laser statistics.-We now consider how in our model CE affect the stationary photon statistics of nanolasers, in particular the autocorrelation function g 2 = â +â+ââ /n 2 . In usual laser theory, g 2 is subthermal, varying from 2 below threshold (thermal radiation) to 1 above (coherent). Super-thermal radiation, or "photon bunching" (with g 2 > 2) has been predicted to occur below threshold [2, 8] and measured both in pulsed [3] and in cw experiments [4] . This g 2 > 2 constitutes a unique fingerprint of CE in lasers.
We calculate g 2 following a similar approach as for Eqs. (2): using the dynamics of Eqs. (1), we derive in SM4 the equations of motion for the four-operator product G 2 ≡ â +â+ââ and determine its stationary mean value, again neglecting population fluctuations and Langevin forces. We find as a main result
. (6) This g 2 depends on the two dimensionless parameters 2κ/γ ⊥ , the threshold population inversion per emitter d th = ∆ th /N 0 and decreases monotonically with n. In the large-n limit of strong pumping, we find g 2 = 1, as in conventional laser theory. By contrast, we predict from the same Eq. (6) that for small n super-thermal photon statistics will occur, for a low semiclassical thresh- old (∆ th /N 0 ≪ 1) in combination with a low decoherence rate γ ⊥ /2κ ≤ 1. This main result is illustrated in Fig. 2(b) as function of pump and in Fig. 3 as a function of n. Figs. 2(b) and 3(a) also show that curves with larger g 2 (0) values approach the coherent limit g 2 (n) = 1 for smaller values of and P and n, respectively. Thus, the emitter-emitter interaction leading to large g 2 > 2 helps to reach the coherent emission in accordance with results of [2] . For larger γ ⊥ /2κ, the super-thermal radiation at small n is suppressed, and the same happens when increasing the laser threshold ∆ th /N 0 . Finally, Fig. 3(a) illustrates that for large decoherence (γ ⊥ /2κ ≫ 1), we indeed recover the LRE limit where 1 ≤ g 2 ≤ 2. Eq. (6) also tells us what values of g 2 can be reached at N 0 < ∆ th when lasing does not occur. Then n saturates: n → n s at P → ∞, with n s given by Eq. (S6) of SM2. For N 0 ≪ ∆ th , the g 2 (n = 0) varies from 4/3 to 2 when sweeping γ ⊥ /2κ from small to large values. Thus in our model, devices that do not lase at strong pumping do not emit superthermal photons at weak pumping.
From Eq. (6) we identify g 2 (n = 0) < 2 + 2κ/γ ⊥ as a useful upper bound for photon bunching. For further insight, in Fig. 3(b) we show g 2 (n = 0) upon variation of γ ⊥ /(2κ) and N 0 /∆ th , again illustrating our prediction of strongly superthermal radiation at low decoherence γ ⊥ /2κ ≪ 1 in combination with a low lasing threshold ∆ th /N 0 ≪ 1. For ∆ th /N 0 > 1/2 we find sub-thermal radiation (1 < g 2 < 2), whether lasing occurs or not. Fig. 2 illustrates that increasing 2κ/γ ⊥ intensifies emitter-emitter interaction leading to more photon trapping in 2(a) and, simultaneously, to more photon bunching in 2(b). Another way to obtain more strongly bunched photons, as shown in Fig. 4(b) , is to decrease ∆ th /N 0 at some 2κ/γ ⊥ > 1. In doing so, the number of photons n concomitantly increases, see Fig. 4(a) . However, due to collective photon trapping below threshold, the increase of n is seen to be larger above than below the lasing threshold.
In SM5 we illustrate that our approach to identify generalized laser rate equations carries over to other lasing level schemes. We find that the level scheme affects the maximum value of g 2 that can be obtained. In particular, the scheme in SM5 where lower lasing levels depopulate infinitely fast shows photon trapping but does not exhibit stationary superthermal photon statistics. Also, the dependence of g 2 on the number of emitters is different.
Discussion.-Our analytical main results (5) for the photon output and (6) for their statistics show the conditions under which collective effects in lasers are significant. The interaction between emitters through the cavity mode increases with the reduction of the decoherence rate γ ⊥ ; a "scale" on which to compare this is the cavity linewidth 2κ, and indeed we identified 2κ/γ ⊥ ≥ 1 as a first necessary condition for strong CE.
We obtain ∆ th /N 0 ≪ 1 as the second necessary condition, or 12πf QN 0 γ || /(γ ⊥ k 3 V ) ≫ 1, with k and Q the cavity mode wave number and quality factor. When neglecting pure dephasing, γ ⊥ = γ || and the condition becomes QN 0 /(k 3 V ) ≫ 1. This is similar to the requirement N 0 /(k 3 V ) ≫ 1 for free-space SR for a large number of emitters in a volume ∼ k −3 [10] , and the difference is easily understood: in a cavity a photon interacts with emitters Q times longer than in free space, so SR in a cavity requires a Q times smaller density.
Another important condition of SR in free space is that each emitter interacts with all others the same way, or "feel the same environment" [10] . This is approximately satisfied in a cavity, where all emitters interact through the same cavity mode, so the variations in emitter-emitter interactions are of the order of fluctuations of atom-field couplings, see SM1. Such fluctuations are small for large numbers of emitters.
We interpret the reduction of the mean photon number n below threshold and the superthermal photon statistics as closely related manifestations of SR in the lasing cavity: photons are "trapped" by the emitter-emitter interaction, stored in the lasing medium for some time before being emitted in groups. During the storage phase, some photons are lost to nonradiative decay and to spontaneous emission to non-lasing modes, hence the reduced laser output. This picture agrees with measurements in other systems where SR pulses are delayed compared to single-emitter emission, with the more delayed pulses being less intense [20] . Thus, provided the two necessary conditions for CE are fulfilled, below threshold a DC pumped lasing medium emits a random sequence of SR pulses into the lasing mode.
SR in free space is quite different for weak and for strong excitations: when N 0 emitters share one excitation, then the emission rate can be N 0 times faster than for an isolated emitter. On the other hand, when all N 0 emitters are excited, then they do not interact with each other and do not exhibit SR. Likewise, SR in the laser cavity can best be seen below threshold, at negative population inversion, as we showed.
Conclusions and outlook.-We extended the standard laser rate equation model with two collective variables, describing emitter-field and emitter-emitter correlations. The resulting generalized laser rate equation (GLRE) model can also describe existing lasers for which the polarization decays too slowly for the laser rate equations to be valid. That is exactly the type of lasers where the usually neglected collective effects among the emitters can play a role. And indeed, our simple model leads to analytical formulas (5) and (6), describing observed photon trapping and superthermal photon bunching, both interpreted as consequences of superradiance in lasers.
Superthermal photon bunching is the most interesting effect, characterized by the second-order autocorrelation function g 2 > 2, whereas g 2 = 2 is the upper limit for cw pumping in standard laser theory. We predict the maximally bunched light for 2κ/γ ⊥ ≫ 1 in combination with a low lasing threshold. The photon bunching occurs only below threshold.
Our results are in qualitative agreement with those of more sophisticated numerical models [2] and [3] . That photon trapping and superthermal bunching are both already captured in our model, where correlations beyond fourth order are neglected, is one of our surprising findings. Our approach can be generalized beyond two-level systems, as we illustrated in SM5, and is likely to find further applications in the quantum theory of nanolasers, thereby substantially advances the fields of nanolaser physics and driven quantum systems.
More practically, our results give design rules for engineering the unusual stationary quantum statistical properties of radiation from a single laser cavity. For complementary schemes to engineer dynamical properties with coupled cavities, see [21] . Cavity-enhanced superbunched light in a well-defined mode may find applications in the second-and higher-order interference of light and highvisibility ghost imaging with classical light [22] .
We thank Mikkel Settnes for stimulating discussions. This work benefited from the COST Action We consider a single-mode laser with N 0 two-level emitters interacting resonantly with the lasing mode. Denoting the vacuum Rabi frequency of the lasing mode by Ω 0 and using the rotating wave approximation (RWA), the Hamiltonian of the system can be written aŝ
whereσ i is the lowering operator for i'th emitter,â is the cavity mode annihilation operator, f i quantifies the coupling between the i'th emitter and the cavity mode, and Γ describes the interactions with external reservoirs. For example, for a Fabry-Pérot cavity f i = sin (kr i ), where k = ω 0 /c is the wave number of the cavity mode. From the Hamiltonian (S1) we can derive equations describing the dynamics of the operators as detailed in [11] :
) is the population operator corresponding to the excited (ground) state of the i'th emitter, andF α is the Langevin force operator associated with the operatorα = {â,σ i ,n e i ,n g i }. The population relaxation rate γ quantifies the non-radiative decay rate and the rate of spontaneous emission into non-lasing modes, 2κ is the lasing mode photon decay rate, and the rate γ ⊥ describes the decay of the polarization. The polarization decay rate depends on the pump rate γ P via
as in Ref. [12] , where γ d is the pure dephasing rate. When calculating the stationary mean intra-cavity photon number n, we assume for simplicity that 2γ d ≫ γ P and neglect the dependence of γ ⊥ on P . The relaxation terms and Langevin forces are added to equations (S2) by the standard procedure describing the interaction with baths in the Markov approximation [11] . Finally, we introduce operators for macroscopic quantities: The total polarizationv = i N0 j=1 f jσj , the total populations of the excited and ground statesN e,g =
N0 i=1n
e,g i , the total population inversion∆ =N e −N g and the Langevin
SM2: Laser equations with collective effects
Here we will derive Eqs. (2) of the main text that define our GLRE model. Using Eqs. (S2) and (1) we can derive four equations for four coupled variables: The photon number operatorn =â +â , the emitter-field interaction Σ =â +v +v +â , the total population inversion∆, and finally the productD t = f −1v+v of polarization creation and annihilation operators. Terms â 
. Note that we preserve the order of non-commuting operators∆,v andv + in Eq. (S4c). Using the operator relation (n e j −n g j )σ i = −σ i δ ij it is seen that
where 
Here it has been used that F n = F Σ = F ∆ = 0; moreover, it has been used that the diffusion coefficient [11] 2D
Now, using the operator relationσ 
describes the inter-emitter correlation. By summing Eq. (S2c) over all emitters and taking the expectation value we findṄ
which, together withḊ t −Ṅ e =Ḋ, implies that Eqs. (S5) indeed lead to the four coupled GLRE equations (2) . Consequently, the stationary photon number n is given by Eqs. (5) of the main text. When the number N 0 of emitters that is so small that the threshold population inversion per emitter ∆ th /N 0 > 1 and lasing is impossible, then one can see from Eq. (5b) that θ(P ) < 0 for all P , and that the cavity photon number n(P ) saturates at P → ∞:
The GLRE (2) reduce to the standard laser rate equations in case of large pure dephasing. In more detail, when γ ⊥ ≫ κ, γ we can adiabatically eliminate Σ and D from Eqs. (2b) and (2c) by settingΣ =Ḋ = 0, and thereby express Σ and D in terms of n and ∆. Using this in Eqs. (2a) and (2d) and neglecting terms ∼ κ/γ ⊥ ≪ 1 we obtain the laser rate equations (LRE)
Here gN e is the dimensionless rate of spontaneous emission into the lasing mode in units of γ .
The laser rate equations of Eqs. (S7) only valid in the limit 2κ/γ ⊥ ≪ 1, when collective effects are suppressed. Yet for low-Q cavity micro-and nano-lasers such as VCSELs, values of 2κ/γ ⊥ ≥ 1 are not uncommon [2] .
SM3: Factors β, βc
Here our aim is to identify a beta-factor β c for our GLRE model with collective effects, in analogy with the beta factor β of the common LRE model. To start with the latter, we rewrite Eq. (S7b) as
using N e = 1 2 (N 0 +∆). We then re-normalize γ replacing it by γ tot = γ (1 + g), which is the population relaxation rate taking into account spontaneous emission into the lasing mode. Then we rewrite Eqs. (S7)
where P ′ = P γ /γ tot and β = g/(1 + g) is the fraction of spontaneous emission going into the lasing mode.
Analogously, we may introduce the parameter β c for the generalized laser rate equations (2) . We introduce the population relaxation rate γ c = γ (1+g c ), which includes the spontaneous emission rate into the lasing mode from non-interacting emitters (but does not include the rate of collective spontaneous emission), and we re-write Eqs. (4) of the main text
where β c = g c /(1 + g c ) = g/(1 + 2κ/γ h + g) and P c = P γ /γ c ; it is clear that β c decreases monotonically as a function of (2κ/γ ⊥ ). The important finding is that collective effects reduce spontaneous emission into the lasing mode, and this agrees with our finding in the main text that they make the lasing transition sharper, see Fig. 2(a) 
with κγ ⊥ /(2Ω 2 0 f ) ≡ N th . From the stationary Eqs. (S18) we find Ω 0 Σ = 2κn, D = (2κ/γ ⊥ )N e n and finally
Similar to Eq. (S15) we can write 
obtained from the steady state solutions to Eqs. (S18), we find for g 2 ≡ G 2 /n 2 g 2 (n) = 1 + γ ⊥ /2κ + 1 3 + 3n(1 + 2κ/γ ⊥ ) + γ ⊥ /2κ ,
where n is the stationary solution of Eqs. (S18): n = 1 2g θ 0 + θ 
Now there are similarities and differences between the autocorrelation functions g 2 (n) of Eq. (6) for the two-level laser and of Eq. (S24) for the semiconductor laser model with infinitely fast ground-state depopulation. A similarity is that both decrease monotonically as a function of n. A difference is that g 2 (n = 0) of Eq. (6) has 2 + 2κ/γ ⊥ as an upper bound and allows superthermal photon statistics as we presented in the main text, whereas g 2 (n = 0) of Eq. (S24) can be rewritten as 2 − 2/[3 + γ ⊥ /(2κ)], clearly showing that superthermal statistics does not occur for this model. Thus the comparison of these two models indicates that for the build-up of superradiant correlations we need at least a non-vanishing fraction of the emitters that make up the active medium to be in the lower lasing level.
Another difference between the two models is the dependence of g 2 on the number of emitters N 0 . The curves in Fig. 3 of the main text show that g 2 > 2 grows with N 0 at small n for the two-level laser. Now turning to the semiconductor laser model, its corresponding g 2 of Eq. (S24) depends on N 0 only implicitly through n, so that dg 2 /dN 0 = (∂g 2 /∂n)(∂n/∂N 0 ). Because g 2 decreases with n (see Eq. (S24)) and since n increases with N 0 , we now find instead that g 2 decreases with the number of emitters. The latter dependence is also seen in Fig. 5 of Ref. [3] . So we find that the relative quantity g 2 can indeed vary with N 0 in different ways, depending on the laser scheme used.
Thus this SM5 illustrates that our approach to identify GLRE carries over to different laser level schemes, and that the importance of collective effects in the continuous-wave output of lasers will depend on the specific appropriate laser level schemes.
